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COHOMOLOGICAL DIMENSION, LYUBEZNIK NUMBERS, AND
CONNECTEDNESS IN MIXED CHARACTERISTIC
DANIEL J. HERNA´NDEZ, LUIS NU´N˜EZ-BETANCOURT, FELIPE PE´REZ,
AND EMILY E. WITT
Abstract. We establish a “second vanishing theorem” for local cohomology modules
over regular rings of unramified mixed characteristic, which relates the connectedness
of the spectrum of a ring with the vanishing of local cohomology. Applying this,
and new results on the mixed characteristic Lyubeznik numbers, we further study
connectedness properties of the spectra of a certain class of rings.
1. Introduction
The goal of this paper is to relate connectedness properties of the spectrum of a
ring to local cohomology modules. Our focus is on rings that do not contain a field,
where some important known results in this direction do no apply. An analog of the
Lyubeznik numbers called the mixed characteristic Lyubeznik numbers serve as a major
tool.
1.1. History and motivation. One compelling reason for studying local cohomology
is its relationship with the geometry and topology of algebraic varieties. Recall that
the cohomological dimension of an ideal I of a Noetherian ring S, denoted cd(I, S), is
the maximum index t ≥ 0 for which the local cohomology module HtI(S) is nonzero.
One of the first illustrations of the noted relationship, due to Grothendieck, is that the
cohomological dimension of the maximal ideal of a local ring coincides with the ring’s
dimension [Har67, Gro68].
Hochster and Huneke extended Faltings’ connectedness theorem to link local co-
homology and the topology of a ring’s spectrum [Fal80a, Fal80b, HH94]. Given an
n-dimensional complete local domain S, they showed that if the cohomological di-
mension of an ideal I of S is at most n − 2, then the punctured spectrum of S/I is
connected. Crucial to their proof is the Hartshorne-Lichtenbaum vanishing theorem
(often abbreviated “HLVT”) [Har68], which in this case says that HnI (S) vanishes if
and only if dim(S/I) > 0. Since for any ideal I of S, H iI(S) = 0 for all i > n, one
may regard the HLVT as a “first vanishing theorem” for local cohomology in the sense
that it characterizes the vanishing of the local cohomology modules of S at the highest
index for which such a module may be nonzero.
Under the additional hypothesis that the ring S contains a field, the “second vanish-
ing theorem” (or “SVT”) of local cohomology provides a converse to the aforementioned
extension of Faltings’ connectedness theorem: Let S be a complete regular local ring
of dimension n with a separably closed residue field, which it contains. Let I ⊆ S be
an ideal such that dim(S/I) ≥ 2. Then Hn−1I (S) = 0 if and only if the punctured
spectrum of S/I is connected [Har68, Ogu73, PS73, HL90].
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The SVT has consequences beyond detecting whether the punctured spectrum of
a ring is connected. For instance, it allows one to relate the Lyubeznik numbers,
certain Bass numbers of local cohomology modules, to a graph that measures further
connectedness properties of a ring’s spectrum [Wal01, Lyu06a, Zha07]. It is also a key
ingredient in showing that for an ideal I of a polynomial ring S in n variables over a
field of characteristic zero, if depth(S/I) ≥ 3, then cd(I, S) ≤ n− 2 [Var13].
1.2. A second vanishing theorem in mixed characteristic. It is natural to ask
whether there is an analogous SVT characterizing the connectedness of the punctured
spectra of rings containing no field. The Cohen structure theorems allow one to write
any complete local ring of mixed characteristic as the quotient of an unramified regular
local ring of mixed characteristic [Coh46]. In light of this, our first goal (and the focus
of Section 3) is the following.
Theorem A (SVT over unramified rings of mixed characteristic; cf. Theorem 3.8). Let
S be an n-dimensional complete unramified regular local ring of mixed characteristic,
which has a separably closed residue field. Let I be an ideal of S for which R = S/I
is equidimensional, and dim(R) ≥ 3. Then Hn−1I (S) = 0 if and only if the punctured
spectrum of R is connected.
Please see Theorem 3.8 for a more general statement.
We note that when recently announcing this result at a conference,1 we learned from
W. Zhang that he has independently proven Theorem A using different techniques.
Although our principal motivation for seeking such a theorem is to better under-
stand the topology of a ring’s spectrum, cohomological dimension is itself an influential
research topic. It has connections with, for instance, the number of equations defining
a variety [BS98, ILL+07], depth [PS73, Lyu06b, Var13, DT15], and the vanishing of
singular and algebraic de Rham cohomology [GLS98, Lyu07, Swi15]. The new SVT
may be a useful tool for extending results previously known only in equal characteristic
to the mixed characteristic setting. For example, we apply it in proving Theorem 3.11,
a mixed characteristic version of a theorem of Huneke and Lyubeznik on cohomological
dimension [HL90].
1.3. Connectedness of spectra and Lyubeznik numbers. The Lyubeznik num-
bers are numerical invariants associated to a local ring R containing a field, defined
via local cohomology [Lyu93]. If R has a separably closed residue field, its highest
Lyubeznik number equals the number of connected components of its Hochster-Huneke
graph [Lyu06a, Zha07]. Assuming that R is equidimensional, this graph is connected
if and only if the connectedness dimension of R is at least dim(R)− 1, i.e., Spec(R) \Z
is connected for every closed set Z of Spec(R) for which dim(Z) ≤ dim(R)− 2 [HH94].
If R is a complete intersection on each point of its punctured spectrum, the highest
Lyubeznik number, in fact, equals the number of connected components of the punc-
tured spectrum of R [GLS98, BB05, Bli07].
Our second objective (and the focus of Section 4) is to show that the mixed charac-
teristic Lyubeznik numbers, recently-defined numerical invariants of local rings whose
1Conference on D-modules in Commutative Algebra, Centro de Investigacio´n en Matema´ticas
(CIMAT) in Guanajuato, Mexico from August 10 - 14, 2015.
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residue fields have prime characteristic, are related to connectedness properties of spec-
tra [NBW13]. We prove the following.
Theorem B (cf. Theorem 4.16). Let R be a complete local ring that is a complete
intersection at every point of its punctured spectrum, with a separably closed residue
field of prime characteristic, and for which dim(R) ≥ 4. Then the highest mixed char-
acteristic Lyubeznik number of R equals the number of connected components of its
punctured spectrum.
Our result is actually more general, applying to cohomologically complete intersection
ideals on the punctured spectrum of a ring, a notion introduced by Hellus and Schenzel
[HS08]. Toward the same goal, we also show that when the highest mixed characteristic
Lyubeznik is as small as possible (i.e., equals one), then the spectrum of the ring is
“highly connected.” We refer the reader to Theorem 4.17 for our precise statement.
2. Background
2.1. Connectedness properties of spectra. Let (S, n) be a local ring, fix an ideals
I ⊆ J of S, and let X = Spec(S/I). Recall that open subset of a topological space is
connected if it cannot be represented as the union of two disjoint, nonempty open sets.
Translating this condition algebraically, for an ideal J of S, X \ V(J) is connected in
the Zariski topology if and only if the following property holds: given ideals a and b of
S for which √
a ∩ b =
√
I and
√
a+ b =
√
J in S,
one of
√
a and
√
b must be
√
J (and equivalently, one of these must be
√
I). Indeed,
V(a) and V(b) are disjoint, nonempty open and closed sets of X \ V(J), whose union
is this entire space.
In particular, the punctured spectrum of Spec◦(S/I) is connected if and only if
whenever a and b are ideals of S for which
√
a ∩ b = √I and √a+ b = n, one of a or
b must be n-primary.
The connectedness dimension of a Noetherian ring R, denoted c(R), is defined as
c(R) = min{dim(Z) | Z ⊆ Spec(R) closed and Spec(R) \ Z disconnected}
[BS98, Definition 19.1.9]. Note that since Spec(R) \ Spec(R) = ∅ is (trivially) discon-
nected, c(R) ≤ dim(R). We refer the reader to [BS98, Chapter 19] for more on the study
of connectedness dimension via local cohomology, and in particular, on cohomological
dimension.
2.2. Long exact sequences in local cohomology. Let R be a Noetherian ring.
Given an ideal I of R, fix generators f1, . . . , ft for I. The j
th local cohomology module
of an R-module M with support in I, denoted HjI (M), can be computed as the j
th
cohomology module of a Cˇech-like complex
0→M →
t⊕
i=1
Mfi →
⊕
1≤i<ℓ≤t
Mfifℓ → . . .→Mf1···ft → 0,
where the homomorphism on each summand, up to a sign, is the appropriate further
localization map.
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Local cohomology modules serve both as the major objects of study, and as important
tools, in this paper. In order to understand them, we apply three types of long exact
sequences associated to these modules. First, given an ideal I of R and a short exact
sequence of R-modules 0→M → N → P → 0, there is a functorial long exact sequence
of the form
· · · → HjI (M)→ HjI (N)→ HjI (P )→ Hj+1I (M)→ · · · .
Given f ∈ R and an R-module M , there is also a long exact sequence, functorial in M ,
· · · → HjI+fR(M)→ HjI (M)→ HjI (Mf )→ Hj+1I+fR(M)→ · · · ,
where the map from HjI (M) to H
j
I (Mf )
∼= HjI (M)f is the natural localization map.
Finally, the Mayer-Vietoris sequence in local cohomology is especially useful in the
study of connectedness properties of Spec(R): given ideals I and J of R, and R-module
M , there is a long exact sequence of the form
· · · → HjI+J(M)→ HjI (M)⊕HjJ(M)→ HjI∩J(M)→ · · · .
2.3. Lyubeznik numbers and mixed characteristic Lyubeznik numbers. Given
a local ring (R,m,K) containing a field, the Cohen structure theorems allow us to write
R̂ ∼= S/I, where I is an ideal of a complete regular local ring (S, n,K) containing a
field. Given integers i, j ≥ 0, if S is n-dimensional, then the Lyubeznik number of R
with respect to i and j is
λi,j(R) = dimK Ext
i
S(K,H
n−j
I (S)),
which depends only on R, i, and j [Lyu93]. Note that λi,j(R) is the i
th Bass number
of Hn−jI (S) with respect to n, which is finite [HS93, Lyu93]. If d = dim(R), then
λd,d(R) 6= 0 and λi,j(R) = 0 if either i > d or j > d [Lyu93]. For this reason, λd,d(R)
is called the highest Lyubeznik number of R.
Now take any local ring (R,m,K) for which K has positive characteristic; i.e., R
does not necessarily contain a field. In this setting, we can write R̂ ∼= T/I, where I is
an ideal of an unramified regular local ring (T, n,K) of mixed characteristic [Coh46].
For integers i, j ≥ 0, if n = dim(T ), the mixed characteristic Lyubeznik number with
respect to i and j is the ith Bass number of Hn−jI (T ) with respect to n,
λ˜i,j(R) = dimK Ext
i
T (K,H
n−j
I (T ))
[NBW13], which is also finite [Lyu00, NB13]. Again, this number is independent of the
presentation of R̂. If d = dim(R), the highest mixed characteristic Lyubeznik number
is λ˜d,d(R); indeed, λ˜i,j(R) = 0 if either i or j exceed d [NBW13].
It is important to note that for local rings of characteristic p, both families of nu-
merical invariants are defined; there are many circumstances in which they agree, but
they do not always coincide [NBW13, HNBPW15].
3. A second vanishing theorem over unramified regular rings of
mixed characteristic
The primary goal of this section is to prove a second vanishing theorem (SVT) for
local cohomology modules over unramified regular local rings of mixed characteristic.
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Like the SVT over regular local rings containing a field, it characterizes the connect-
edness of punctured spectra through the vanishing of local cohomology.
3.1. Two graphs. In this subsection, we recall some facts about two graphs associated
to a local ring. Both are simple graphs, meaning that they are undirected, contain at
most one edge between any two vertices, and have no loops.
A particular simplicial complex has been used to relate connectedness, cohomological
dimension, and depth [Lyu07, KLZ14]. If a local ring (R,m) has minimal primes
p1, . . . , pt, then this simplicial complex has vertices labeled 1, . . . , t; {i1, . . . , ij} ⊆ [t] is
a face of ∆(R) precisely if pi1 + · · ·+ pij is not m-primary. The first graph we consider
is the one-skeleton of ∆(R).
Definition 3.1 (The graph ΘR). Given a local ring (R,m) with minimal primes
p1, . . . , pt, the graph ΘR has vertices labeled 1, . . . , t, and there is an edge between
two (distinct) vertices i and j precisely if pi + pj is not m-primary.
Our proof of the new SVT exploits the fact that this graph detects connectedness
of the punctured spectrum, which Huneke and Lyubeznik originally pointed out in the
proof of [HL90, Theorem 2.9].
Lemma 3.2 (Huneke –Lyubeznik). Given a complete local ring R, the graph ΘR is
connected if and only if the punctured spectrum of R is connected.
Note that the condition that ΘR is connected is sometimes written as the equivalent
condition that the reduced homology group H˜0(∆(R),Z) vanishes (see [Lyu07, KLZ14]).
Along with the graph ΘR, we also use what is now often called the Hochster-Huneke
graph [HH94, Definition 3.4].
Definition 3.3 (The Hochster-Huneke graph ΓR). Given a local ring R, list all the
minimal primes p of R for which dim(R) = dim(R/p) as p1, . . . , ph. The Hochster -
Huneke graph of R, denoted ΓR, has vertices 1, . . . , h; there is an edge between (distinct)
vertices i and j precisely if pi + pj has height one.
The Hochster-Huneke graph of a complete equidimensional local ring R is connected
if and only if Spec(R) \ V(J) is a connected topological space for all ideals J of R of
height at least two [HH94, Theorem 3.6]. In particular, the graph ΓR is disconnected
if the punctured spectrum of R is a disconnected topological space.
The number of connected components of the Hochster-Huneke graph is closely related
to the highest Lyubeznik number, as we now describe. We take advantage of this
relationship in Section 4.
Remark 3.4. If R is a complete d-dimensional local ring containing a field, then the
highest Lyubeznik number λd,d(R) counts the number of components of the Hochster-
Huneke graph of R̂sh, the completion of the strict Henselization of R [Lyu06a, Theo-
rem 1.3], [Zha07, Main Theorem]. Suppose that ΓR has t components, and let Ji be
the intersection of the minimal primes of I that are vertices of the ith component of
ΓR. If S is an n-dimensional regular local ring containing a field and R = S/I, then
Hn−dI (S)
∼= Hn−dJ1 (S) ⊕ · · · ⊕ Hn−dJt (S) [Lyu06a, Proposition 2.1]. This means that
λd,d(R) = λd,d(S/J1)+ · · ·+ λd,d(S/Jt), and since each λd,d(S/Ji) ≥ 1 [Lyu93, (4.4iii)],
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we have that λd,d(R) ≥ t; i.e., the number of connected components of ΓR̂sh is at least
the number of connected components of ΓR.
Lyubeznik pointed out that it follows from [HL90, Theorem 4.2] that if k is a coeffi-
cient field of R, then there exists a finite separable extension field L of k for which ΓR⊗kL
and ΓR̂sh are isomorphic graphs [Lyu06a, p. 630]. Then since the strict Henselization
of R ⊗k L is Rsh, λd,d(R ⊗k L) = λd,d(R) is the number of connected components of
ΓR⊗kL.
A key ingredient in the proof of the new SVT is the behavior of the Hochster-
Huneke graph modulo a parameter. The following result was originally proved by W.
Zhang [Zha07, Proposition 2.2]. It appears as a step toward the equicharacteristic
main result of the paper it appears in [Zha07, Main Theorem], and several blanket
hypotheses are fixed throughout its section of the manuscript. Due to this, and because
the main result’s proof is not presented in a linear manner, we include a proof here that
follows Zhang’s argument to convince the reader that the assumptions below suffice.
In particular, no hypothesis on characteristic is necessary.
Proposition 3.5 (cf. [Zha07, Proposition 2.2]). If (R,m) is a complete local domain
and x ∈ m is nonzero, then the Hochster-Huneke graph of R/xR is connected.
Proof. Let A = R/
√
xR. Since the ideals xR and
√
xR of R have the same minimal
primes, the Hochster-Huneke graphs of R/xR and A are isomorphic, so it suffices to
show that ΓA is connected.
Let S be the integral closure of R in its field of fractions. Then S is a complete
local domain, and is a finitely-generated R-module [HS06, Theorem 4.3.4]. Let B =
S/
√
xS. Since S satisfies Serre’s criterion S2, the S2-ification of S/
√
xS is local [HH94,
Proposition 3.9], so that ΓB is connected [HH94, Theorem 3.6].
We have that
√
xS ∩ R = √xR by the going up theorem, so A injects into B, and
B is a finitely-generated A-module, so that A and B have the same dimension. Fix
minimal primes p and p′ of A. Again by the going up theorem, there exist minimal
primes q and q′ of B for which q ∩A = p and q′ ∩A = p′.
Since ΓB is connected, there exists a finite sequence of minimal primes
q = q1, q2, . . . , qt = q
′
of B for which heightB(qi+ qi+1) = 1 for 1 ≤ i < t. For each 1 ≤ i ≤ n, let pi = qi ∩A.
We aim to show that for all 1 ≤ i < t, heightA(pi + pi+1) ≤ 1 (i.e., either pi = pi+1 or
heightA(pi + pi+1) = 1), so that ΓA is connected, completing the proof.
For some 1 ≤ i < t, let r be a prime ideal of B of height one containing qi + qi+1.
Let d = dim(R). Then dim(B) = d− 1, and since B is equidimensional and catenary,
there exists a chain of d− 2 primes ideal of A containing r,
r ( r2 ( . . . ( rd−1 ⊆ B.
Then by the lying over theorem, we also have the strict chain
r ∩A ( r2 ∩A ( . . . ( rd−1 ∩A ⊆ A.
Since dim(A) = d − 1, the heightA(r ∩ A) ≤ 1. Therefore, the heightA(pi + pi+1) ≤ 1,
and the result follows. 
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3.2. Second vanishing theorem over unramified regular local rings of mixed
characteristic. In proving the new SVT, we have the following strategy: Like Huneke
and Lyubeznik’s proof of the SVT in equal characteristic [HL90, Theorem 2.9], we first
study local cohomology with support in a prime ideal. For arbitrary ideals, we then
use an inductive argument on the number of minimal primes of the ideal. The heart of
our proof lies in the technique we apply to the case of prime ideals, where are are able
to avoid machinery like that in loc. cit. by reducing to the equal-characteristic case
addressed there. Toward this, consider the following lemma.
Lemma 3.6. Let S be a complete unramified regular local ring of mixed characteristic
p > 0, and let A = S/pS. If I is an ideal of S for which p ∈ I, then
cd(S, I) ≤ cd(A, IA) + 1.
Proof. Fix i > cd(A, IA) + 1; we aim to show that H iI(S) = 0. Indeed, H
i−1
IA (A) = 0
for such a choice of i, so that the long exact sequence in local cohomology
· · · → H i−1IA (A)→ H iI(S)
p→ H iI(S)→ · · ·
associated to the short exact sequence 0 → S p→ S → A → 0 then implies that
multiplication by p is injective on H iI(S).
However, this is impossible unless H iI(S) itself vanishes: If not, fix the smallest
positive integer N for which a nonzero element u ∈ H iI(S) is killed by pN , which exists
since p ∈ I. Then pN−1u is a nonzero element in the kernel of the map given by
multiplication by p on H iI(S), a contradiction. 
We can now address the case of local cohomology with support in a prime ideal.
Lemma 3.7. Let S be an n-dimensional complete unramified regular local ring of mixed
characteristic, with a separably closed residue field. If q is a prime ideal of S for which
dim(S/q) ≥ 3, then Hn−1q (S) = 0.
Proof. Suppose that S has mixed characteristic p > 0, and assume first that p ∈ q.
If A = S/pS, then S/q ∼= A/qA has equal characteristic p. Since dim (A/qA) =
dim (S/q) ≥ 3, qA is not primary to the maximal ideal of A. Hence, since dim(A) =
n− 1, Hn−1qA (A) vanishes by the HLVT [Har68, Theorem 3.1]. Moreover, Hn−2qA (A) = 0
by the SVT in equal characteristic [HL90, Theorem 2.9]. Thus, cd(A, qA) ≤ n− 3, so
that by Lemma 3.6, cd(S, q) ≤ n− 2, finishing the proof in this case.
Now suppose, alternatively, that p 6∈ q. Let J = q + pS, so that S/J has equal
characteristic p and dimension at least two. For distinct minimal primes p1 and p2
of S/J , if heightS/J(p1 + p2) = 1, then p1 + p2 cannot be primary to the maximal
ideal of S/J since dim(S/J) ≥ 2. Thus, ΓS/J is a subgraph of ΘS/J . In fact, it is a
spanning subgraph: since S/q is catenary, S/J is equidimensional by Krull’s principal
ideal theorem; therefore, the vertices of ΓS/J are indexed by all minimal primes of S/J ,
like that of ΘS/J .
Since q is prime and S is complete, S/q is a complete local domain. Therefore, taking
x = p in Proposition 3.5, we know that the Hochster-Huneke graph ΓS/J is connected.
Since ΓS/J is a spanning subgraph of ΘS/J (i.e., the two graphs have the same vertices),
this subgraph must also be connected. Therefore, the punctured spectrum of S/J is
connected by Lemma 3.2. Then by the SVT in equal characteristic, cd(A, JA) ≤ n− 3
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[HL90, Theorem 2.9], so that cd(S, J) ≤ n − 2 by Lemma 3.6, and, in particular,
Hn−1J (S) = 0. With this in mind, in order to show that H
n−1
q (S) vanishes, by the long
exact sequence
. . .→ Hn−1J (S)→ Hn−1q (S)→ Hn−1q (Sp)→ 0,
it suffices to show that Hn−1q (Sp) does.
Toward this, note that the dimension of Sp is n − 1 since p is in the maximal
ideal of S, but not in every prime ideal of height n − 1 of S. By similar reasoning,
dim (Sp/qSp) ≥ 2. Moreover, for every prime ideal p of S not containing p, Sp is also a
complete regular local ring, and (Sp)p
∼= Sp, so that
(
Hn−1q (Sp)
)
p
∼= Hn−1qSp (Sp) = 0 by
the HLVT. Thus, Hn−1q (Sp) = 0, completing the proof. 
We now are prepared to prove an SVT over unramified regular local rings of mixed
characteristic. Our statement is more general than Theorem A from the introduction.
Theorem 3.8 (SVT over unramified regular rings of mixed characteristic; cf. Theorem
A). Let S be an n-dimensional complete unramified regular ring of mixed characteristic,
whose residue field is separably closed. Let I be an ideal of S for which dim(S/p) ≥ 3 for
every minimal prime p of I. Then Hn−1I (S) = 0 if and only if the punctured spectrum
of S/I is connected.
Proof. First assume that Hn−1I (S) = 0, and by way of contradiction, assume that the
punctured spectrum of S/I is disconnected. Let n denote the maximal ideal of S, so
that there exist ideals J1 and J2 of S that are not n-primary for which
√
J1 ∩ J2 =
√
I
and
√
J1 + J2 = n. Consider the Mayer-Vietoris sequence associated to these ideals,
· · · → Hn−1I (S)→ HnJ1+J2(S)→ HnJ1(S)⊕HnJ2(S)→ HnI (S)→ 0.
By our choice of I, Hn−1I (S) = 0, and H
n
J1
(S) = HnJ2(S) = H
n
I (S) = 0 by the HLVT
[Har68, Theorem 3.1]. Then Hnn (S) = H
n
J1+J2
(S) = 0, contradicting the HLVT.
For the other direction, we proceed by induction on the number of minimal primes
of I. For ideals with only one minimal prime, the result follows from Lemma 3.7. Fix
an integer t > 1. Assume that for all ideals J of S with t − 1 minimal primes, for
which dim(S/p) ≥ 3 for each minimal prime p of J , if the punctured spectrum of S/J
is connected, then Hn−1J (S) = 0.
Fix an ideal I with t minimal primes, such that dim(S/p) ≥ 3 for each minimal prime
p of I, and for which the punctured spectrum of R := S/I is connected. Then ΘR is
also connected by Lemma 3.2. Thus, there is an ordering q1, . . . , qt of the minimal
primes of I such that the induced subgraph of ΘR on indices q1, . . . , qi (i.e., the graph
on these vertices, with all edges between them in ΘR) is connected for all 1 ≤ i ≤ t.
This means that given 1 ≤ i ≤ t, if Ji = q1∩ . . .∩qi, then the graph ΘS/Ji is connected.
Again calling upon Lemma 3.2, we deduce that the punctured spectrum of each S/Ji
is connected. Consider the following piece of the Mayer-Vietoris sequence in local
cohomology associated to Jt−1 and qt:
. . .→ Hn−1Jt−1(S)⊕Hn−1qt (S)→ Hn−1I (S)→ HnJt−1+qt(S)→ 0.
By the inductive hypothesis, Hn−1Jt−1(S) = 0. In addition, H
n−1
qt
(S) = 0 by Lemma 3.7.
Moreover, since the punctured spectrum of R is connected,
√
Jt−1 + qt ( n, so that
HnJt−1+qt(S) = 0 by the HLVT [Har68, Theorem 3.1]. Hence, H
n−1
I (S) = 0. 
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3.3. Consequences of the new SVT. As a by-product of the new SVT, we can estab-
lish a mixed characteristic version of a result first obtained by Huneke and Lyubeznik in
equal characteristic [HL90, Theorem 5.2]. The proof follows the same general argument
as in loc. cit., but we include the details for completeness.
Before proving this theorem, we state a result of Faltings [Fal80c, Korollar 2]. This
theorem is stated only for rings that contain a field; however, as he mentions in the
introduction of loc. cit., the result also holds in the mixed characteristic setting. We
recall that the big height of an ideal is the maximum of the heights of its minimal
primes. We use the notation ⌊x⌋ to denote the greatest integer not exceeding a real
number x.
Theorem 3.9 (Faltings). Let S be an n-dimensional complete regular ring whose
residue field is separably closed. If I is an ideal of S with big height b ≥ 1, then
cd(S, I) ≤ n− ⌊n/b⌋ .
The following is an adaption of a result of Lyubeznik to the mixed characteristic setting,
which we apply in the subsequent theorem.
Lemma 3.10 (cf. [Lyu85, Lemma]). Let S be an n-dimensional unramified complete
regular ring of unramified mixed characteristic, with a separably closed residue field.
Given ideals I1, . . . , It of S, each of big height b ≥ 1,
cd(S, I1 + · · ·+ It) < n− ⌊n/b⌋+ t.
Proof. We proceed by induction on t. If t = 1, the statement follows by Theorem
3.9 [Fal80c, Korollar 2]. Fix t > 1, and assume that for any 1 ≤ s < t, given ideals
J1, . . . , Js of S with big height b ≥ 1, we have that cd(S, J1+ · · ·+ Js) < n−⌊n/b⌋+ s.
Fix ideals I1, . . . , It of S of big height b, and let
I ′ = I1 + · · · + It−1, I = I ′ + It, and I ′′ = I1 ∩ It + · · ·+ It−1 ∩ It.
Since
√
I ′′ =
√
I ′ ∩ It, the Mayer-Vietoris sequence associated to I ′ and It has the form
(3.3.1) · · · → H iI′′(S)→ H i+1I (S)→ H i+1I′ (S)⊕H i+1It (S)→ · · · .
By our inductive hypothesis, H iI′(S) = H
i
I′′(S) = 0 for all i ≥ n− ⌊n/b⌋+ (t− 1), and
H iIt(S) = 0 for i ≥ n− ⌊n/b⌋+ 1. Therefore, taking i ≥ n− ⌊n/b⌋+ (t− 1) in (3.3.1),
we conclude that H iI(S) = 0 for all i ≥ n− ⌊n/b⌋+ t. 
We can now prove the aforementioned version of the theorem of Huneke and Lyubeznik.
Theorem 3.11 (cf. [HL90, Theorem 5.2]). Let S be an n-dimensional complete unram-
ified regular local ring of mixed characteristic, with a separably closed residue field. For
an integer 1 ≤ b < n, let t = ⌊(n− 1)/b⌋. Fix ideals I1, . . . , It of S, each of big height b,
and let J = I1 + · · ·+ It. Suppose that the punctured spectrum of S/J is disconnected,
and that for every minimal prime p of J , dim(S/p) ≥ 3. If I = I1 ∩ · · · ∩ It, then
cd(S, I) = n− t.
Proof. For 1 ≤ i ≤ t, let ai = I1 ∩ · · · ∩ Ii + Ii+1 + · · · + It. As b < n, we have that
⌊(n − 1)/b⌋ = ⌊n/b⌋. Then by Lemma 3.10,
(3.3.2) cd(S, ai) < n− ⌊n/b⌋ − (t− i+ 1) = n− i+ 1.
10 D. J. HERNA´NDEZ, L. NU´N˜EZ-BETANCOURT, F. PE´REZ, AND E. E. WITT
We proceed by induction on i ≥ 1 to show that cd(S, ai) = n − i, so that our desired
statement is obtained by taking i = t.
When i = 1, we have that cd(S, a1) = n − 1 by Theorem 3.8 since the punctured
spectrum of S/a1 is disconnected by assumption. Suppose that for some 1 < i ≤ t,
cd(S, ai−1) = n− i+ 1. Let
I ′ = Ii + · · ·+ It and I ′′ = I1 ∩ · · · ∩ Ii−1 + Ii+1 + · · ·+ It.
The Mayer-Vietoris sequence associated to I ′ and I ′′ has the form
· · · → Hn−iai (S)→ Hn−i+1ai−1 (S)→ Hn−i+1I′ (S)⊕Hn−i+1I′ (S)→ · · · .
since ai−1 = I
′+I ′′ and
√
ai =
√
I ′ ∩ I ′′. By Lemma 3.10, the cohomological dimensions
of both I ′ and of I ′′ are less than n− i+ 1, so
Hn−i+1I′ (S) = H
n−i+1
I′ (S) = 0.
Moreover, Hn−i+1ai−1 (S) 6= 0 by the inductive hypothesis. Thus, Hn−iai (S) is nonzero, and
noting (3.3.2), we have that cd(S, ai) = n− i. 
Our final application of the new SVT in this section allows us to conclude that a
certain mixed characteristic Lyubeznik number determines the number of connected
components of the punctured spectrum of a ring. The analogous statement for tra-
ditional Lyubeznik numbers in the equal characteristic case is well known to experts;
see [Wal01, Proposition 3.1] or [Kaw00, Theorem 1] for a proof in this case in the
two-dimensional setting.
Proposition 3.12. Let S be an n-dimensional complete unramified regular local ring
of mixed characteristic, with separably closed residue field K. Let I be an ideal of S
such that for every minimal prime p of I, dim(S/p) ≥ 3. If the punctured spectrum of
S/I has t connected components, then Hn−1I (S) = ES(K)
⊕t−1. Thus,
λ˜0,1(S/I) = t− 1.
Proof. Fix ideals J1, . . . , Jt of S for which the complements of V(J1), . . . ,V(Jt) are
precisely the connected components of the punctured spectrum of S/I; i.e., each com-
plement is nonempty, they do not pairwise intersect, and their union is Spec◦(S/I).
We proceed to show that Hn−1I (S) = ES(K)
⊕t−1 by induction on t, noting that the
result follows from Theorem 3.8 if t = 1. Fix t > 1, and assume that for any ideal
J of S for which dim(S/q) ≥ 3 for every minimal prime q of J , if Spec◦ (S/J) has
t− 1 connected components, then Hn−1J (S) = ES(K)⊕t−2. In particular, this holds for
J = J1 ∩ . . . ∩ Jt−1.
Consider the following piece of the Mayer-Vietoris sequence in local cohomology
associated to J and Jt:
(3.3.3) · · · → Hn−1J+Jt(S)→ Hn−1J (S)⊕Hn−1Jt (S)→ Hn−1I (S)→ HnJ+Jt(S)→ 0.
By Theorem 3.8, Hn−1Jt (S) = 0, and since Ji + Jt is primary to the maximal ideal n
of S for all 1 ≤ i < t, we know that J + Jt also n-primary. Then from the inductive
hypothesis and (3.3.3), we obtain the short exact sequence
0→ ES(K)⊕t−2 → Hn−1I (S)→ ES(K)→ 0,
which splits since ES(K)
⊕t−2 is injective, so that Hn−1I (S)
∼= ES(K)⊕t−1. 
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4. Mixed characteristic Lyubeznik numbers of cohomologically isolated
singularities
We expect the mixed characteristic Lyubeznik numbers to behave, at least in some
ways, like the original Lyubeznik numbers. The authors have recently shown that for
local rings of prime characteristic, they are “almost always” equal, in the sense that
differences can only occur in small characteristics [HNBPW15]. Moreover, the highest
Lyubeznik number and the highest mixed characteristic Lyubeznik number agree in
every example where both are computed [NBW14].
In this section, we investigate the highest mixed characteristic Lyubeznik numbers
of a collection of rings that includes those with isolated singularities. In Theorem 4.9,
we show that this number equals the highest Lyubeznik number if both are defined.
We also show that it has similar properties to the original Lyubeznik numbers, as they
relate to other Lyubeznik numbers (Theorem 4.15), and to connectedness properties of
spectra (Theorem 4.16/Theorem B from the introduction, and Theorem 4.17).
4.1. Cohomologically complete intersection ideals on the punctured spec-
trum of a ring. We study quotients of regular local rings modulo ideals called coho-
mologically complete intersections on the punctured spectrum of the ring, which were
introduced by Hellus and Schenzel [HS08]. The vanishing of the local cohomology
modules of the ring with support in these ideals mimics that of those with support in
complete intersection ideals.
Definition 4.1 (Cohomologically complete intersection ideal (on the punctured spec-
trum)). Fix an ideal I of a regular local ring (S, n), and let t = dim(S) − dim(S/I).
Then I is a cohomologically complete intersection (CCI) ideal of S if HjI (S) = 0 for
all j > t. We call I a CCI ideal on the punctured spectrum of S under the weaker
condition that SuppS(H
j
I (S)) ⊆ {n} for all j > t.
Example 4.2. If S is a regular local ring of characteristic p > 0 and I is an ideal of S
for which S/I is Cohen-Macaulay, then I is a CCI ideal of S [PS73, Theorem III.4.1].
Given a CCI ideal I on the punctured spectrum of a regular local ring S, Blickle has
called the quotient S/I a cohomologically isolated singularity ring [Bli07]. A complete
local ring that is a complete intersection at every point of its punctured spectrum is
isomorphic to such a quotient; so is a complete local ring with an isolated singularity.
Example 4.3 (Isolated singularities). Suppose that R is a complete local ring of di-
mension at least three for which Rp is regular for every non-maximal prime ideal p
of R. Then R is S2 and R1, it must be normal, and thus a domain. Use the Cohen
structure theorems to write R ∼= S/I, where I is an ideal of a complete regular local
ring S [Coh46]. Then for every non-maximal prime ideal q of S, Sq/ISq is a regular
ring, so that ISq is a complete intersection ideal of Sq. Hence, (H
j
I (S))q
∼= HjI (Sq) = 0
for all j 6= dim(S)− dim(R), and I is a CCI ideal on the punctured spectrum of S.
Proposition 4.4. If I is a CCI ideal on the punctured spectrum of a regular local ring
S, then S/I is equidimensional.
Proof. Let d = dim(S/I), and list the minimal primes p of I for which dim(S/p) = d
as p1, . . . , pt. Assume, by way of contradiction, that S/I is not equidimensional, and
list the minimal primes q of I for which dim(S/q) < d as q1, . . . , qh, so that h ≥ 1.
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Let J1 = p1∩· · ·∩pt and J2 = q1∩· · ·∩qh, so that
√
I = J1∩J2. Then dim(R/J1) = d,
and let e = dim(R/J2), so that e < d. We have the Mayer-Vietoris sequence associated
to J1 and J2,
· · · → Hn−eJ1+J2(S)→ Hn−eJ1 (S)⊕Hn−eJ2 (S)→ Hn−eI (S)→ · · · .
By our choice of J1 and J2, dim(S/(J1 + J2)) < e, so that H
n−e
J1+J2
(S) = 0. As a
consequence, Hn−eJ2 (S) injects into H
n−e
I (S). Therefore,
dimSuppS(H
n−e
I (S)) ≥ dimSuppS(Hn−eJ2 (S)) = e > 0.
Yet, I is a CCI ideal on Spec◦(S), so dimSuppS(H
n−e
I (S)) ≤ 0, a contradiction. 
The following lemma allows us to reduce the proof of Theorem 4.9 to cases of small
dimension.
Lemma 4.5. Given a CCI ideal I on the punctured spectrum of a regular local ring S,
if f ∈ S is not in any minimal prime of I, then I+fS is also a CCI ideal on Spec◦(S).
Proof. Let n = dim(S) and d = dim(S/I). As f belongs to no minimal prime of I,
we have that dim (S/(I + fS)) = d − 1. If n denotes the maximal ideal of S, then
SuppS(H
j
I (S)) ⊆ {n} for j > n − d, so HjI (Sf ) = 0 for j > n − d. Then by the long
exact sequence
· · · → Hj−1I (Sf )→ HjI+fS(S)→ HjI (S)→ HjI (Sf )→ · · · ,
HjI+fS(S)
∼= HjI (S) for j > n − d+ 1 = n − (d − 1), and SuppS(HjI+fS(S)) ⊆ {n} for
these values of j. 
4.2. The highest mixed characteristic Lyubeznik number. Recall that for a
complete local ring R containing a field, if k is a coefficient field of R, then there exists
a finite separable extension field L of k for which the highest Lyubeznik number of
R counts the connected components of the Hochster-Huneke graph of R ⊗k L [HL90,
Theorem 4.2], [Lyu06a, Section 2]; see Remark 3.4. Motivated by this fact, with an eye
toward comparing the highest traditional and mixed characteristic Lyubeznik numbers,
we make the following observation about DVR extensions induced by field extensions.
Remark 4.6. Given an extension of fields K ⊆ L of characteristic p > 0, and complete
Noetherian DVRs (V, pV,K) and (W,pW,L) of mixed characteristic p, there exists a
natural injective local ring homomorphism φ : V →֒ W [Mat80, Theorem 29.2]. Then
W is a torsion-free V -module. Since V is also a DVR, W must be a flat V -algebra.
Let S = V Jx1, . . . , xnK, T = W Jx1, . . . , xnK, and ϕ : S → T the injective ring
homomorphism satisfying ϕ|V = φ and ϕ(xi) = xi for each 1 ≤ i ≤ n. Since φ is flat,
so is ϕ. Fix i, j ≥ 0, and, given an ideal I of S, let α = dimK ExtiS(K,HjI (S)), which
is finite [Lyu00, Theorem 1], [NB13, Theorem 1.1]. Since K is finitely presented over
S and T is a flat S-algebra,
Lα ∼= Kα ⊗S T ∼= ExtiS(K,HjI (S)) ⊗S T ∼= ExtiT (L,HjI (S)⊗S T ) ∼= ExtiT (L,HjI (T )).
Thus, α = dimL Ext
i
T (L,H
j
I (T )).
In the same vein, if A = KJx1, . . . , xnK and B = LJx1, . . . , xnK, then for an ideal I
of A and all integers i, j ≥ 0,
dimK Ext
i
A(K,H
j
I (A)) = dimL Ext
i
B(L,H
j
I (B)).
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Before returning to our investigation of CCI ideals on punctured spectra, we remove a
hypothesis of a result on the agreement of the mixed characteristic and the traditional
Lyubeznik numbers in low dimension [NBW13, Proposition 5.2]; loc. cit. requires a
separably closed residue field. This extension serves as the basis case of our inductive
proof of Theorem 4.9.
Proposition 4.7 (cf. [NBW13, Proposition 5.2]). Fix an n-dimensional complete un-
ramified regular local ring S of mixed characteristic p > 0, with residue field K. Assume
that I is an ideal of S, p ∈ I, and dim(S/I) ≤ 2. If A = S/pS, then for all i, j ≥ 0,
λi,j(S/I) = dimK Ext
i
A(K,H
n−j−1
IA (A)) = dimK Ext
i
S(K,H
n−j
I (S)) = λ˜i,j(S/I).
Proof. Let R = S/I, and d = dim(R). Under the assumption that K is separably
closed, the statement is explicitly justified in the proof of [NBW13, Proposition 5.2],
although only stated there for i = j = d. We aim to reduce to this case.
Now we turn to the general case. Let V be a complete Noetherian DVR with
maximal ideal pV and residue field K. Let L denote the separable closure of K, and
W a corresponding DVR as in Remark 4.6. By this same remark, for all i, j ≥ 0,
(4.2.1) λi,j(R) = λi,j(R⊗̂KL) and λ˜i,j(R) = λ˜i,j(R⊗̂KL).
Since the residue field of S⊗̂VW is separably closed, the result [NBW13, Proposition
5.2] now applies, and
(4.2.2)
λi,j(R⊗̂KL) = dimL ExtiA⊗̂KL(L,H
n−j−1
I (A⊗̂KL))
= dimL Ext
i
S⊗̂VW
(L,Hn−jI (S⊗̂VW )) = λ˜i,j(R⊗̂KL).
Combining (4.2.1) and (4.2.2), we have that λi,j(R) = λ˜i,j(R). 
To prove two of the main results of this section, Theorems 4.9 and 4.16 (cf. Theorem
B from the introduction), we use properties of minimal injective resolutions of certain
local cohomology modules in mixed characteristic. In particular, we call upon Zhou’s
work on injective dimension in this setting [Zho98].
Remark 4.8. Suppose that I is an ideal of an unramified regular local ring (S, n) of
mixed characteristic. Zhou proved that for all j ≥ 0,
inj.dimS(H
j
I (S)) ≤ dimSuppS(HjI (S)) + 1
[Zho98, Theorem 5.1]; we note that this inequality is further investigated in the authors’
recent work [HNBPW15]. Suppose that E• is a minimal injective resolution of HjI (S),
so that the ith cohomology module of the complex
0→ H0n (E0)
ϕ0→ H0n (E1)
ϕ1→ H0n (E2)→ · · ·
computes H in(H
j
I (S)). As part of Zhou’s proof of loc. cit., he proves inductively that
for all t ≥ 0, the image of ϕt is an injective S-module.
Now we can prove our theorem on the agreement of the original and the mixed
characteristic Lyubeznik numbers.
Theorem 4.9. Let S be a complete unramified regular local ring of mixed characteristic
p > 0. Given a CCI ideal I on Spec◦(S) for which p ∈ I,
λ˜d,d(S/I) = λd,d(S/I),
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where d = dim(S/I). Thus, λ˜d,d(S/I) equals the number of connected components of
the Hochster-Huneke graph of the completion of the strict Henselization of S/I.
Proof. Proposition 4.7 establishes the statement when dim(S/I) ≤ 2; we proceed
by induction on dim(S/I). Fix d > 2, and assume that for every CCI ideal J on
Spec◦(S) containing p, and for which dim(S/J) = d−1, we have that λ˜d−1,d−1(S/J) =
λd−1,d−1(S/J). Let I be a CCI ideal on Spec
◦(S) that contains p, and such that
dim(S/I) = d.
Let n denote the maximal ideal of S. Fix r ∈ n with the following property: r is in no
minimal prime of I, and if n is not the only associated prime of Hn−d+1I (S/pS) over S, r
is also in no minimal prime of this module. Such an element exists by prime avoidance,
since Hn−dI (S/pS) has finitely many associated primes [HS93, Corollary 2.3]. The ideal
I + rS is a CCI ideal on Spec◦(S) by Lemma 4.5, and dim(S/(I + rS)) = d− 1 since r
is a nonzerodivisor on S/I. We claim that
(4.2.3) λ˜d,d(S/I) = λ˜d−1,d−1(S/(I + rS)).
In fact, once (4.2.3) is established, we can conclude that λd,d(S/I) = λ˜d,d(S/I): As S/I
is a d-dimensional local ring containing a field, due to our choice of r, we may apply2
[Zha07, Proposition 2.1], which says that λd,d(S/I) = λd−1,d−1(S/(I + rS)). Then by
the inductive hypothesis and (4.2.3),
λd,d(S/I) = λd−1,d−1(S/(I + rS)) = λ˜d−1,d−1(S/(I + rS)) = λ˜d,d(S/I).
Toward proving (4.2.3), consider the long exact sequence
(4.2.4) · · · → H iI+rS(S)→ H iI(S)→ H iI(Sr)→ H i+1I+rS(S)→ · · · .
Since the depth of S on I + rS is n− dim(S/(I + rS)) = n− d+1, Hn−dI+rS(S) vanishes.
Moreover, Hn−d+1I (S)r vanishes since I is a CCI ideal on Spec
◦(S), and r ∈ n. Thus,
from (4.2.4), we obtain the exact sequence
0→ Hn−dI (S)→ Hn−dI (Sr)→ Hn−d+1I+rS (S)→ Hn−d+1I (S)→ 0.
Let M = Im(Hn−dI (Sr)→ Hn−d+1I+rS (S)), so that we have the short exact sequences
0→ Hn−dI (S)→ Hn−dI (Sr)→M → 0 and
0→M → Hn−d+1I+rS (S)→ Hn−d+1I (S)→ 0.
If K = S/n, these, respectively, induce the long exact sequences
· · · → Exti−1S (K,M)→ ExtiS(K,Hn−dI (S))→ ExtiS(K,Hn−dI (Sr))→ · · ·(4.2.5)
· · · → Exti−1S (K,Hn−d+1I (S))→ ExtiS(K,M) → ExtiS(K,Hn−d+1I+rS (S))→ · · · .(4.2.6)
We have that ExtiS(K,H
n−d
I (Sr)) = 0 for all i ≥ 0. Additionally, since SuppS Hn−d+1I (S) ⊆
{n}, we have that
inj.dimS H
n−d+1
I (S) ≤ dimSuppS Hn−d+1I (S) + 1 ≤ 1
2Although Section 2 of [Zha07] sets down some blanket hypotheses on the ring S/I that our ring may
not satisfy, here we satisfy all that are needed in the proof of Proposition 2.1.
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[Zho98, Theorem 5.1], so that ExtiS(K,H
n−d+1
I (S)) = 0 for all i ≥ 2. Noting that
d > 2, these observations, along with (4.2.5) and (4.2.6), imply that
ExtdS(K,H
n−d
I (S))
∼= Extd−1S (K,M) ∼= Extd−1S (K,Hn−d+1I+rS (S)).
Taking K-vector space dimensions of the left- and right-hand sides, we conclude that
(4.2.3) holds, completing the proof that λd,d(S/I) = λ˜d,d(S/I).
The final statement now follows because λd,d(S/I) equals the number of components
of the Hochster-Huneke graph of the completion of the strict Henselization of S/I
[Lyu06a, Theorem 1.3], [Zha07, Main Theorem]. 
We point out that in light of Theorem 4.9, it would be natural to investigate whether
the highest Lyubeznik number agrees with the highest mixed characteristic Lyubeznik
number more generally [NBW13, Question 6.13].
The remainder of the paper is dedicated to establishing several properties of the
highest mixed characteristic Lyubeznik number, motivated by analogous properties of
their equal characteristic counterpart. In order to do so, we first study the structure
of certain local cohomology modules in mixed characteristic.
Remark 4.10. Suppose that (S, n) is an unramified regular local ring of mixed charac-
teristic p > 0, andM a local cohomology module of S supported at n. If multiplication
by p is surjective on M , then M must be an injective S-module [NBW13, Lemma 4.2].
One way we apply this fact is the following: Assume that I is a CCI on the punctured
spectrum of such a ring S, and dim(S/I) ≥ 2. ThenHn−1I (S) is either zero or supported
only at n. If A = S/pS, then dim(A/IA) ≥ 1, so that the short exact sequence
(4.2.7) 0→ S p→ S → A→ 0
induces the long exact sequence
(4.2.8) · · · → Hn−2I (S)
p→ Hn−2I (S)→ Hn−2I (A)→ Hn−1I (S)
p→ Hn−1I (S)→ 0,
where the final zero is a consequence of the HLVT [Har68, Theorem 3.1]. Thus,
Hn−1I (S) is an injective S-module.
To prove the following structural theorem, we briefly call upon the theory of (left)
modules over rings of differential operators. We do not review details of this theory,
and refer the reader to the reference [Bjo¨79]. Given a subring T of a ring R, D(R,T )
denotes the ring of T -linear differential operators on R.
Lemma 4.11. Let S be an n-dimensional complete unramified regular local ring of
mixed characteristic p > 0, with a separably closed residue field. Let I be a CCI ideal
on Spec◦(S) that contains p, for which dim(S/I) ≥ 3. Then Hn−2I (S) is an injective
S-module.
Proof. Let n denote the maximal ideal of S, let K = S/n, and let A = S/pS. If t
is the number of connected components of the punctured spectrum of S/I ∼= A/IA,
it is well known to experts that Hn−2I (A)
∼= EA(K)⊕t−1 as A-modules. Since S/I
is equidimensional by Lemma 4.4, we can also conclude that Hn−1I (S)
∼= ES(K)⊕t−1
as S-modules by Proposition 3.12. Therefore, the kernel N of multiplication by p on
Hn−1I (S) in (4.2.8) is isomorphic with EA(K)
⊕t−1.
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Consider the induced surjection
(4.2.9) Hn−2I (A)։ N ⊆ Hn−1I (S).
Identify S ∼= V Jx1, . . . , xn−1K, where (V, pV,K) is a complete Noetherian DVR of mixed
characteristic p [Coh46]. If D(S, V ) is the ring of V -linear differential operators on S,
then (4.2.8) is a sequence of (left) D(S, V )-modules. Moreover, the induced surjection
(4.2.9) is a map of D(A,K)-modules [BBL+14, (2.0.1)]. Since EA(K) is a simple
D(A,K)-module and Hn−2I (S)
∼= N ∼= EA(K)⊕t−1, both Hn−2I (S) and N have length
t− 1 as D(S,K)-modules. Since then the kernel of (4.2.9) must have length zero, this
map must be an isomorphism.
Looking back at (4.2.8), we conclude that multiplication by p on Hn−2I (S) is surjec-
tive. Since I is a CCI ideal on Spec◦(S), Hn−2I (S) either vanishes or is supported only
at n, and so it must be injective [NBW13, Lemma 4.2]. 
The following lemma’s aim is to remove the hypothesis in Lemma 4.11 that the
specified ideal must contain p.
Proposition 4.12. Let S be an n-dimensional complete unramified regular local ring
of mixed characteristic, with a separably closed residue field. Let I be a CCI ideal on
Spec◦(S) for which dim(S/I) ≥ 4. Then Hn−2I (S) is an injective S-module.
Proof. Let n denote the maximal ideal of S, p = char(S/n), and d = dim(S/I). Since
p ∈ n and SuppS(HjI (S)) ⊆ {n} for j > n− d, HjI (Sp) ∼= (HjI (S))p = 0. Then from the
long exact sequence
· · · → Hj−1I (Sp)→ HjI+pS(S)→ HjI (S)→ HjI (Sp)→ · · · ,
we see that
(4.2.10) HjI+pS(S)
∼= HjI (S) for all j > n− d+ 1 = n− (d− 1).
The dimension of S/(I + pS) is either d − 1 or d. First assume the former, that
dim (S/(I + pS)) = d− 1 ≥ 3. In this case, since I is a CCI ideal on Spec◦(S), (4.2.10)
implies that I + pS is one as well. Then Hn−2I (S)
∼= Hn−2I+pS(S) is injective by Lemma
4.11.
Alternatively, suppose that dim (S/(I + pS)) = d ≥ 4. Let J denote the intersection
of the (finitely many) minimal primes of Hn−d+1I+pS (S) [Lyu00, Theorem 1]. Then
SuppS(H
n−d+1
I+pS (S)) = V(J) ⊆ V(I + pS),
and
dim(S/J) = dimSuppS(H
n−d+1
I+pS (S)) ≤ n− (n− d+ 1) = d− 1.
Then by prime avoidance, there exists f ∈ J not in any minimal prime q of I + pS
for which dim(S/q) = d. By our choice of J , Hn−d+1I+pS (Sf )
∼= Hn−d+1I+pS (S)f = 0. Then
noting (4.2.10) as well, we know that HjI+pS(Sf ) = 0 for all j > n − d, which means
that
(4.2.11) HjI+(f,p)S(S)
∼= HjI+pS(S) for all j > n− d+ 1
by the long exact sequence
· · · → Hj−1I+pS(Sf )→ HjI+(f,p)S(S)→ HjI+pS(S)→ HjI+pS(Sf )→ · · · .
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By (4.2.10) and (4.2.11), HjI+(f,p)S(S)
∼= HjI (S) for all j > n − d + 1, and since
dim(S/(I + (f, p)S)) = d − 1 ≥ 3 by our choice of f , I + (f, p)S is a CCI ideal on
Spec◦(S) since I is one. Then Hn−2I (S)
∼= HjI+(f,p)S(S) is an injective S-module by
Lemma 4.11. 
If S is an n-dimensional regular local ring containing a field, and I is an ideal of S
for which dim(S/I) = d, then the injective dimension of Hn−dI (S) is d [Lyu93, (4.4iii)].
The same is true if S is an n-dimensional complete unramified regular local ring of
mixed characteristic [NBW13, Theorem 4.9], and we call upon this fact in the proofs of
the next two lemmas. The first relies on a spectral sequence argument, and is useful in
proving Theorem 4.15, a duality theorem on mixed characteristic Lyubeznik numbers.
Lemma 4.13. Let (S, n,K) be an n-dimensional complete unramified regular local ring
of mixed characteristic, and let I be a CCI ideal on Spec◦(S) for which dim(S/I) = d
and d ≥ 2. Then
(1) H in(H
n−d
I (S))
∼= Hn−d+i−1I (S) for all i < d,
(2) Hdn (H
n−d
I (S))
∼= Hn−1I (S)⊕ ES(K),
and all other H in(H
d
I (S)) = 0.
Proof. Consider the spectral sequence Ei,j2 = H
i
n(H
j
I (S)) =⇒i H
i+j
n (S) [Har67, Propo-
sition 1.4]. By our assumptions on I, the HLVT [Har68, Theorem 3.1], and the fact
that inj.dimS H
n−d
I (S) = d [NBW13, Theorem 4.9], all E
i,j
2 = 0 except possibly:
• E0,j2 = H0n (HjI (S)) = HjI (S), where n− d+ 1 ≤ j ≤ n− 1, and
• Ei,n−d2 = H in(Hn−dI (S)), where 0 ≤ i ≤ d.
The E2-sheet is concentrated in row n− d and column zero. This means that the only
possibly nonzero differentials are, for r ≥ 2,
∂0,n−d+r−1r : E
0,n−d+r−1
2 → Er,n−d2 .
Since Htm(S) 6= 0 if and only if t = n, each ∂0,n−d+r−1r must be an isomorphism
for r 6= d, and Hn−d+r−1I (S) = H0n (Hn−d+r−1I (S)) ∼= Hrn(Hn−dI (S)), establishing (1).
We also know that ∂0,n−1d : E
0,n−1
d = H
n−1
I (S) → Ed,n−dd = Hdn (Hn−dI (S)) must be
injective. Moreover, since Hnn (S)
∼= ES(K), if ∂ = ∂0,n−1d , there is a short exact
sequence
0→ Hn−1I (S)
∂→ Hdn (Hn−dI (S))→ ES(K)→ 0..
By Remark 4.10, Hn−1I (S) is injective, so this sequence splits, and (2) holds. 
The following result helps us understand the structure of a minimal injective reso-
lution of certain local cohomology modules in mixed characteristic.
Lemma 4.14. Take an ideal I of an n-dimensional complete unramified regular local
ring S of mixed characteristic, and let d = dim(S/I). Since inj.dimHn−dI (S) = d
[NBW13, Theorem 4.9], a minimal injective resolution of Hn−dI (S) has the form
E• = (E0 → E1 → · · · → Ed → 0).
Then Ed is supported only at the maximal ideal of S.
Proof. For a prime ideal q such that I ⊆ q ( m,
inj.dimHn−dI (Sq) ≤ dim(Sq/ISq) ≤ d− 1.
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Therefore, since
E•q =
(
(E0)q → (E1)q → . . .→ (Ed)q → 0
)
is a minimal injective resolution of Hn−dI (Sq), we have that
(
Ed
)
q
= 0. 
We take advantage of the following duality theorem to relate the highest mixed char-
acteristic Lyubeznik number to the number of connected components of the punctured
spectrum. See [GLS98, Theorem]. and [BB05, Theorem 1.2] for similar statements
about Lyubeznik numbers in equal characteristic.
Theorem 4.15. Let I be a CCI ideal on the punctured spectrum of a complete unram-
ified regular local ring S of mixed characteristic, with a separably closed residue field.
If d := dim(S/I) ≥ 4, then
λ˜d,d(S/I) = λ˜0,1(S/I) + 1.
Proof. Let n = dim(S), let n denote the maximal ideal of S, and let K = S/n. If E•
is a minimal injective resolution of Hn−dI (S), then E
i = 0 for i > d [Lyu93, (4.4iii)].
Consider the complex
(4.2.12) · · · → H0n (Ed−2)
ϕd−2→ H0n (Ed−1)
ϕd−1→ H0n (Ed)→ 0,
whose ith cohomology module is H in(H
n−d
I (S)). Let M denote Im(ψ).
Noting Remark 4.8, M is an injective S-module [Zho98, Theorem 5.1]). Therefore,
H0n (E
d−1) ∼=M⊕N , where N ∼= ES(K)⊕t for some t ≥ 0 sinceH0n (Ed−1) is an injective
S-module supported at n. Making this identification in (4.2.12),
Hd−1n H
n−d
I (S)
∼= Ker(ϕd−1)/M ∼= Ker(ϕd−1|N ) ⊆ N ∼= ES(K)⊕t,
so that for some S-module P ,
N ∼= ES(K)⊕t ∼= Hd−1n Hn−d+1I (S)⊕ P,
and under this further identification in (4.2.12), Ker(ϕd−1|P ) = 0.
By Lemma 4.13, Hd−1n (H
n−d
I (S))
∼= Hn−2I (S), and is then injective by Proposition
4.12; this means that P ∼= ES(K)⊕h for some 0 ≤ h ≤ t. Then since E• is a minimal
resolution, P ∩M = 0, and Ker(ϕd−1|P ) = 0, we must have that h = 0, and P =
0. This implies that ϕd−1 = 0, so that H
d
n (H
n−d
I (S))
∼= H0n (Ed), which equals Ed
by Lemma 4.14. Then by Lemma 4.13, Ed ∼= Hn−1I (S) ⊕ ES(K). As Hn−1I (S) is
injective by Remark 4.10, and supported only at n by our assumptions on I, λ˜0,1(S/I) =
dimK HomS(K,H
n−1
I (S)). Now, we can finally conclude that
ES(K)
⊕λ˜d,d(S/I) ∼= Ed ∼= ES(K)⊕λ˜0,1(S/I)+1,
so that λ˜d,d(S/I) = λ˜0,1(S/I) + 1. 
The following result relates the highest mixed characteristic Lyubeznik number to
the number of components of the punctured spectrum. Note that Theorem B from the
introduction is a straightforward consequence, after writing the ring R in its hypothesis
as the quotient of a complete unramified regular local ring S of mixed characteristic
by a cohomologically complete intersection ideal I on its punctured spectrum.
An analogous statement for the Lyubeznik numbers is known for rings containing a
field, applying Poincare´ duality in characteristic zero [GLS98], and spectral sequences
in positive characteristic [BB05, Bli07].
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Theorem 4.16 (cf. Theorem B). Let S be a complete unramified regular local ring of
mixed characteristic, with a separably closed residue field. Suppose that I is a CCI ideal
on Spec◦(S) for which d := dim(S/I) ≥ 4. Then Spec◦(S/I) has λ˜d,d(S/I) connected
components.
Proof. Since S/I is equidimensional by Lemma 4.4, the statement follows immediately
from Proposition 3.12 and Theorem 4.15. 
Our final result again relates the highest mixed characteristic Lyubeznik number to
connectedness properties of the spectrum of the ring. It says that if this number is as
small as possible, then the spectrum of the ring must have high connectedness dimen-
sion. The analogous statement in equal characteristic holds: If the highest Lyubeznik
number of a complete, equidimensional local ring containing a field equals one, then
the Hochster-Huneke graph of the completion of the strict Henselization of the ring is
connected, so that the Hochster-Huneke graph of the ring itself is also connected (see
Remark 3.4). Thus, the ring has connectedness dimension at least one less than its
dimension [HH94, Theorem 3.6].
Theorem 4.17. Let S be a complete unramified regular local ring of mixed characteris-
tic, and let I be an ideal of S for which R = S/I is equidimensional and has dimension
d ≥ 2. If λ˜d,d(R) = 1, then c(R) ≥ d− 1; i.e., for every closed subset Z of Spec(R) of
dimension at most d− 2, Spec(R) \ Z is connected.
Proof. By way of contradiction, suppose that there exists a closed subset Z of Spec(R)
for which Spec(R)\Z is disconnected and dim(Z) ≤ d−2. Fix an ideal a of S for which
Z = V(aR) in Spec(R). Then there exist ideals J1 and J2, such that
√
J1 ∩ J2 =
√
I
and
√
J1 + J2 =
√
a. Since S/I is equidimensional, dim(S/J1) = dim(S/J2) = d.
Consider the Mayer-Vietoris sequence in local cohomology associated to J1 and J2:
0→ Hn−dJ1 (S)⊕Hn−dJ2 (S)→ Hn−dI (S)→ Hn−d+1J1+J2 (S)→ · · · .
Since dim (S/(J1 + J2)) ≤ d − 2, Hn−d+1J1+J2 (S) = 0, so that Hn−dI (S) ∼= Hn−dJ1 (S) ⊕
Hn−dJ2 (S), and if K is the residue field of S, then
ExtdS(K,H
n−d
I (S))
∼= ExtdS(K,Hn−dJ1 (S))⊕ ExtdS(K,Hn−dJ2 (S)).
Taking K-vector space dimensions, we have that λ˜d,d(S/I) = λ˜d,d(S/J1) + λ˜d,d(S/J2).
However, the highest mixed characteristic Lyubeznik number is positive [NBW13,
Proposition 3.12], λ˜d,d(S/J1) + λ˜d,d(S/J2) ≥ 2, a contradiction. 
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